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Lee 8 Diff Eq

* Hond in HW 24
* HW 25 Tue ©d | am =+
» HW 26 Doe Monbc\l\})wﬁ. gf'mﬁ? Exam d‘u ﬁ lea P""
. Monda%at Hpm
LAST TIME —> Fixed Points and 5+ub:‘h® Dcu}o]

PROPER NODE bUth AI':"AJ,
% AAdz 4O STABLE
M A2 >0 UNSTABLE
IMPLOPER. NODE w\un A #F e ot same sign.

A2 KO | STABLE
% A X2 70 UNSTABLE
5ADDLE PoINT  whan A # A2 and o Foolk, signs.
ALWAYS UNSTABLE.
ELLIVT'ICAL ORBITS  whun A and Az pore imaginary
Climi¥ c\adu) @_ Ab\{MPTOTIQ\L\.\l STA

SPIRALS whan A and Az complex.
@ RefA 2§ < 0 STABLE
: Refd N3 >0 UNSTABLE.

LETS APPLY THIS (IDEA TO A NONLULINEAR SNYSTEM:

Assomse. we  are dx _ £ dy - g(x,
g 7 A O~ o

and Thad +his éujow‘—txm has oo criticel Pom'l'
dU*‘ (Ko { 3«))

e VW want ty zoom int the Pcwm‘ (%o Yo )
ahd duterming The 1‘2/@. and! <51~o.bmij

« If we zeom in on & curve ... eventially
Pt A line |

v 2oom in en Cur fixed poinl we
LINEARIZE THE OYSTEM
NEAR THRE F[XED POINT.



Taylors Formule  (funchon of fwo variobles)
We can appnximate  9lxy) nar  (Xo,9e) by

’F(S(-{'X. i s Ljo) = ’?((xo,‘ﬂo) -4 —!‘)‘(Xu,‘ﬂo)x ‘l"Fj(x\“—jo)‘j + %
, HOT.

HOT = The m@w Order Ternts | -H'le nonlirear

arts of the roxs modron
Plug <his int» trhe ODE d “P

= (%o, 9s) + Fx(Xo o)X +Fy(%oi40)Y
_6_{.3 e 3(xo\jo) % gz(xot_ja)x +9,(xonjo)<9

BuT i (Xo,Y) 18 oo crihicak point then +(xe,9.) =0
3();,9)::0.

SO0 ouR APPROXYMATE L/NEAIL SYSTEM |S:
f—,—-l—c = U(X(KO ‘d“) X = ’fy(’(a Ljo)v
4 = gx(e9) X + 9y (xe4s)y

in  MATRIX FORM

-i / = \ -r)‘ (Ko Bo) 'F:,(Ka‘do) \-)J{
Iu(Xo Yo)  9y(xe o)

L.y doed> +his looh famudiar 7

Jhcopian = 20E 2 =‘4’< 191
2LX19) I Iy



EX

S0 our anaduss of Pxed ints In nonlirvar
OUXJ buils down s findin voluves
ot the Tacobian Moatrix evaldoted ‘ot (Xe 9) l

3X —X*— XY

) i A =1 8K

(LW {|

< xi
~'~

1. Find +ixed Po‘m‘%: 3% X% Ry =0
Y+ D‘-—3><«ﬂ = 6

X(3-X-9)=0 £ fixed Point
\:)(l ry -3x) =5

X=o +hen Y=0 o | L o J
l+3~&f=o Y=-I

¥ =0 ‘then 3-—)&—,3)":20 — X=3

3-X-Y=0 - Y-Yx=0 — x=|
!‘1’3""3)(:0 B:Ba)(zz

(0,0) (0,-1)(8,0)(1,2) «
2. Now we can anaﬁcjum <5iaJa1Mv ol These

Pmr\’rs
A. JACBAN = +x f9 1 3 3-2X-Y X
Ix Iy Ty 1 42Y-3X
B. Choox o point .- (0,0) Plog ints TACOBIAN
3 ol _ T
< | C°l°)

c. Find e/lrzu\\raﬂum of Fthis madnx.

(3-3) A T
\ (f—A)\ = (g=Mll M) s o A=2))



D C\asblhg"ﬂ\n paint.
(e°) s an |MPROPER NODE
with Poaiﬁrc real a%mml\ms
[t I's UNSTABLE. v

Yoo Try e ofler ones |l

U | < JH] 9 MrN © T L v bad L
[(01"!) '3 "l‘ l 3 |-\ I (LI A)(I A) .
A=Y and A=
PR AR A% SADDLE
UNSTABLE @~
T — 1 =-3 -3 ~3-)\ -3
~ = (=3-A)-8§-
l(ﬂ:‘) o -3 l 6] —8-5\\ ( P )( : A)
)\'-'-"3 A-.:-S
| MPROPEE NODE
STABRE | »
al | L] '[-—n’«,\;—l NARCYNNED
l(:,z) l-e +1] 16 z.->) )

22X 4Nl =« N 113
V2.3 | SADDLE

A=1 210+ = L iﬁaz UNSTABLE
2

2

L



Om&&f-mLa”M“mﬂcw?mm¢m
fr each case .

(0,0) :ILO=]'§ ﬂ (0,-1) J—IH{Z :]
A =3

A Az,
A=3 |0 offa]_ i A=y [0 o]]e]_
9 {o -ZM‘QS T U T q {3 sl]s[7? i
Azl |% Olaf. | V,=z|o0 A= | § © s o
8 551 Rl et H RE AR

(3.0) 31303[‘3 -3] (12) jjlf[:\g -21_

0O -
A=-3 -8 | ,\:‘/ZI‘VEE/?_
A"""? o _31!'\

Xr__z [5’ _}7’
o} Ol




LOTS OF APPLICATIONS | \

EX

Asida:

SR MODEL OF [NF&CTIOUS DISEASE.

Three Cai'c%oriw ot Pen‘ale:

FUSQEPTlBLE_‘}_)‘ INFECTIOVS __,,tPELOVEﬂED l

1. Assome The toho popolatin [y constant
2. infedwvs PeoPle_ run [0fy svscephibe people
and trunsmit the ciseaw at o rote of B
3. Onlv o Perum% ol e Infedhivus Peorle, . _
recover but then they ar no \or\?mr Suscephble.

«law ot

£
d _ _pgsT . ST - models the PNbailing
dt ot A suswphilpe of
r‘unninﬂ inhh an Infceted feerzon.
dT _ ast — «T A — the chana thet tne 5
di i | person  laecomes infrected.
J i kﬁ Y‘ec.ovu’ing
news!

' d Pesgle or peude X = recoveny
m No lfr-:;,r e cied b i
B e —id )T

L* the % of recoverd ’
people wWhe remean alive.

(e

NOTES: | N /s the htfal # of wem

AN = H of nawly
infected per ont bme

X =  Hrachon of infechwes thad leave per untr Hme

g | Wyl= averags time of recovery



' b
lma%lm. o Vighor Comes tv Ca—mp.zs wailn

. Disease.
rN= # of ’PeoP\e, = 2500
AN = 5 5o .'/.‘:-

-

g

rode
S = , 002 o tvanem
/zsoo )
/s tahes 5 da(jJ h recover

—
—

\ dd=0 a non-lethal discase.
OV EQNS BECOME Si= —.002 sT
I’ = .0025T — .2
R1 = .21
1. wWhat are my fixed points ? 51:;' 1)..
-onlj real  fixed point T = ~f
wH S and R arbih’ary.
v Does this mahe sense ?

T=0 2 20 InFhed 5o extpar S=2518 o R=25W

50 Technic (2500, 0, o) or (olo‘zsof
are my fixed Poirﬁ’s.

2. dacobian: 3 h) — +4s +z ".Fg
9%51 e 4 Ri

9s 91
he hI hR
F 2 [--bezx| |-.p0o25 |©
o} .z )
3. Fixed Yointz P\naﬂ.x/},ois
O[5 ©
J LN 5| 0
6 4.3 o .
zsebo,) | ol |2l lo o Hg-h o |=-Ma(43-3))
(s(%7) 6| 42| 4 X
= A (‘4-8 —X) =|o
,\:Ojl{_‘b ne e A's

“‘his ts UNSTABLE,



0 =1-x 0
0 .2 ~A

= Aa(-2-))

-—Az'(--l-.k) Z0
AE o,~.2 ne%m\rt e/\ Vvt
s LE.

-—koo\

bt
(0,0,2500)

Jusd lqewng@ Nnon= 221t e-vals.

A=4U.¥ and )\—-—2»
a—H—cr&cple Qv

even ol Siclk

stehe on IR recover bufjl_fz?ﬁ.,
and 1wmamed ety .. ~ phile — g

othars o sick — ‘f’hls o '
Uy' P wck,! meq i

The magnhvde of Hu eryonvaldve telis bel dberst
the 590+M

Can't dinw 0\-6(!?\1 l:)lhr\c becovse
we have a ?;-'D st |

lf\fmhf\g) [An ... BAFURCATIONS — I e diceoae.  becama
mere  or le>s trunsmitoble | could
HheX | oy, $he studalty of
ow  fuced Ponr\h 2



